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Abstract--A series of experiments on TB~S1-63 a.xlc steel were conducted for the investigation of
(I) the b'lsic material plastic now properties under plastic nonproportional cyclic loading. and (~)

the intluence of the deformation path. history and direction on the materi;11 hurdening behavillr
and plastic flllw properties. Comparative studies of the present experimental results with thc
theoretical predictions of the endochronic constitutive theory reveal the inadequacy of uniaxial test
data in describing the b'1Sic properties of materi.lIs under nonproportion.l1 cyclic loading. Thus. to
achieve alkquacy and applicahility fN the descripti(lfi of nonpropNtilJnal cyclic constitutive
behavior of materials. modili~'ations to the cndochronie constitutive theory are absolutely necessary.

INTRODUCTION

One significant problem for researchers in scientific investigations and engineering .tppli­
cations. due to the rapid development of modern industry. stems from the increasingly
severe loading and environmental conditions to which many structures su\:h as ain:rafl.
turbine and rocket engines. nuclear reactor components and so forth are subjected. Then:­
fore there is an urgent need for a constitutive theory of materials. which aims to provide
alkquate. applicahle and accurate descriptions of constitutive behavior. damage evolutil)l1.
and fatigue and J~lilure behavior of materials under the aforementioned conditions. In the
past tWl) decades. both thc theoretical and cxperimental aspects of thc uniaxial constitutivc
behavior of materials have been systematically investigated by various researchers. Unfor­
tunately. nearly all the malt:rial constitutive models formulated thus far appear incapable
or describing the nonproportional cyclic deformation behavior of materials, although th9
proved successful in cases when uniaxial tensile cyclic and creep behavior were dealt with.
This is altributable to the fact that uniaxial experiments arc by no mC~lns able to reveal the
basic deformation behavior characteristics of materials when subjected to non proportional
cydic loading environments. Indeed. we art: strikingly ignorant of the constiwtive behavior
of materials under such complex loading conditions (Lamba and Sidcbotlom. 1975a.bl. It
is clearly important to conduct systematic experimental investigations exploring the basic
properties or materials under nonproportional cyclic loading. as a pre-requisitc to formu­
lating a material constitutive model for nonproportion.t1 cycles. However. mlll:h remains
to be done bd'ore such an adequate and applicable model can be engendered (Kn:mple and
Lu. t984; Tanaka el al.. 1985; McDowell. 1985; Bcnallal and Marquis. 1987).

An insight into the plastic now properties of materials in nonproportional cycles plays
the most important role in the formulation of an accurate constitutive model of m.tteri'lls
,tS long as it is the de facto starting point; which is the concc=ptual basis for the formulatiV\.'
methodology of Ohashi et al. (1985) in their investigation of the plastic flow properties of
316 stainless steel under a square strain path. Owing to the fact th'lt the nonproportional
cyclic constitutive behavior of materials is strongly dependent on the strain path. a dilemma
yet to be overcome is that caused by the lack of systematic knowledge of the basic material
properties concerning plastic now under non proportional cyclic loading. such as the effects
of the shape of the deformation path, the loading direction and the deformation history.

In recent years. the endochronic constitutive theory proposed by Valanis (1980) h;JS
receivcd widespread altention due to its attractive capability of accurately describing the
constitutive behavior of materials under certain types of loading conditions. The theory is

403
SAS 18, ~-A



:\I~(; JIE and CHE~ Xl

primarily form ulated on the basis of the hypothesis that the current stress state of materials
can be represented in terms of a functional concerning the entire deformation history
defined by the "intrinsic time scale", implying material memory. In a theoretical analysis
concerning the plastic tlow properties of materials predicted by endochronic constitutive
thcory and conventional plasticity theory. i\1 urakami and Read (1987) indicated the sub­
stantial ditfercnce of that thcory from its counterparts.

Based on a scrics of experiments at room temperature. the present work is mainly
focuscd on the investigation of the hardening behavior and some of the basic plastic tlow
properties of TB451-63 axle steel under nonproportional cyclic loading. Specifically, for
these properties. the intluence of strain paths. loading direction and previous history is dealt
with in parallel with Lensky's hypothesis of local determinability. It should be noted that
the hardening behaVIOr and plastic now properties of materials are strongly dependent on
both the shape of the strain path and the deformation history. Comparison between
predictions from the endochronic constitutive theory and experimental results further
confirms the necessity to have this theory modified by describing the non proportional cyclic
constitutive behavior of materials.

EXPERIMENTAL PROCEDURE

The specimen material is TB451-63 axle steel whose chemical composition is: C: 0.37,
i\ln: OAX, 5i: <0.15. P: <0.045. S: <0.05. Cr: dU. eu: <0.3, Ni: <0.2, in weight
percentage. ThL: geometry (11' the spL:l:imen is given in Fig. I. Experiments were conducted
on a computer-controlkd testing system comprising a DEC PDP 11/23 processor. a MTS
X(}') servo-controlled del:tm-hydraulic testing machine and a data acquisition system. Strain
components in the spcl:imcn were evaluated using the measurements from a set of three
strain gaugL:s honded on thc outer surfal:e of the specimen. To minimize the viscosity clfects.
the experiments were run at a low strain rate of 7 x 10 ~ s 'and at room temperature.

EXPERIMENTAL RESULTS AND DISCUSSIONS

I. Slr£'ss lIl/{/slrain d('/';alor;c /,('clor .1'1'1/('('
The delinition of the axial torsional suhspacc follows as a suhspaec of Ilyushin's tivc­

dimensional deviatoric vector space. Deline the stress vector as

( I )

where (1, "" (1" "" rr. (1\ = ,3r, and rr and r arc components of the axial stress and shear
stress. respectively.", and"\ are orthonormal hase vel:tors in the stress spal:e.

The strain VCl:tor is dclined as

(2)
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Fig. I. Shape and geometrical sizes of specimen.
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where I: I = f.== = f.. 1:, = ,'/../3. and c and " are components of axial strain and engineering
shear strain. respectively.

The von Mises equivalent stress may be expressed as

(3)

The equivalent strain is expressed as

(4)

the strain rate vector is dell ned as:

and the length of strain path is defined as:

s = I' Idellltl dt.
o

(5)

(6)

:!. Dejimllatiol/ path alit! lout!illy path
Out-of-phase experiments on rectangular strain paths were conducted for two pur­

poses: (I) to study the plastic /low properties of the material after imposing a 90' abrupt
change of deformation direction on the rectangular strain path (Fig. 2). (2) to investigate
the t:lli.:cts of the previous deformation history. Note that in these experiments. the strain
ranges an: 111:\!:! = 0.15'y',.11/:,!2 = 0.3 1V,. and 11;:\12 0.3%.111:,/2 = 0.6%. respectively.

To exclude the in/luence of the previous deformation history. so that one can con­
centrate on investigating the ellccts ofdeformation direction. experiments on rhombic strain
trajectories (Fig. 3) were performed with strain ranges D,/:I.!:! = 0.21%.11/:,/2 = O.4:!'Yo and

B

Fig. 3. Rhomoic strain path.
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iLl 2 = 0..+2"0. ~I;; 2 = O.X-l"". respectively. Note that in these experiments. the change
(1f lkf,mnation directil)n can be either greater or kss than 90 .

Experimcnts on thc stress path (Fig. -l) arc also conducted on a stress control basis.
to study the plastic !low properties of the matcrial for cases when an abrupt change
of direction of loading path occurs. The amplitudes of the path involved therein arc
L\(j 12 = ~IT \ 2 = .\()() MPa.

Finally. in invcstigating the plastic !low properties of the material for a smooth defor­
mation path. out-(lf-phase experiments on circular and elliptical strain paths were alsl.)
conducted.

3. !?('slIl,s (lIIeI eli.\l'lIssilllls

It can be seen from Fig. 5 that TB451-6.\ axle sted is a cydic stabilized material when
subjected to strain-controlled torsional cydes. Also. for a tixed strain range. no cyclic
hardening appears. Figure (1 shows reelangul~lrand rhombic strain paths. as shown in Figs
.2 .\. It is observed that the stress amplitude increases with increasing cyclic number. N.
Hardening docs lake place in the nonproportional cyclic deformation of a material even
though it is eydieally slahilized in a uniaxialcydic deformation. This conclusion is com­
patible with Ih~lt or Ohashi ('I (/1. (19X5). Comparing Fig. 6a with Fig. 6h naturally comes
dl.lwn to the point thaI material hardening hehavior is immensely dependent upon the shape
or the dcrormalion path.

The difrerent streSs responses slHl\\n in Fig. (Ia arc also indicated in thc vicinity of
corner pl.linlS A and B 1'01' a rcetangular strain path. although hoth arc on the verge or a
sudden ehangc or directil.ln tl.l a 90 veering. As can he secn from Fig. 6a. for the corner

E 02 0'3
6.4~

~.16

3.87

2 ~8

N,
E I 29
E
z a

~ -1.29

32 48 6.4 80
E 03

-387

·~.16

E312 IJJ.E)
_ 6 4~ l..---l._....l..._..l.----''---'-_-'-_.l.---l._....l...--l

-90 -64 -48 -]2 -1.6 0 1,6

ITor us)

Fig. 5. Stress strain rdali"ns "I' ll1at<:riallll1lkr rlln: cyclic ("rsinn.



Plastu: tlow und.:r nonprllportional c~dic loadin~ ~07

o
a.
~

.00 .t'! ....~: •• ·rr , • . •~
• • •• I( • 11
• • • •• •"" '...". . .......

~ ~~I..
I. { E,

• Affi Theoretical
. I E

\

: 0 I _.- N = I.. -
. I
\. B C

Experimental

• N = I

• =2

• = 4

200
A B 0 A

<.\S ("!oj

(a)

I
IJ I

tt'; ~,..:
,~ .

~ .1 .-' ,·t .1"
a .. ofa.
~ ../-
",0

+
'DO

E,

B

200
A 0 A

<.\S (°/0)

( oj

l'ig. 6. Variations of ,tress alllplitude v.ith length of 'train paths.

point that is approad1l.;d by the long smooth path. stress relaxation happens immediately
after the veering. However. for the corner point with the short approach. I)(} veering always
implies a post-vl:l:ring unstable stress response. Since the strain amplitudes at these corner
points an: of the saml: value. it is apparl:nt that not only dOl:s the material response depend
on the current strain amplitude. but it also depl:nds on the dcrormation history prior to the
path veering. in whieh case there is an abrupt change of direction on the dcrormation path
of 1)0 .

Considering rhombic strain paths with sides of equal length. Fig. 6b demonstrates the
significant dependence of the material responses on the veering angle of the path. Also. less
significant stress relaxation is indicated in situations with acute veering angles. and vice
versa for obtuse cases.

With regard to the plastic fiow behavior of materials under complex loading, Lensky's
hypothesis of material local determinability elaims that variations of the delay angle ()
extended by the strain rate and stress vectors entirely depend on the current value of delay
angle () and the arc length S of the deformation path. In Ohashi c( a/. (1985). when
the adequacy and applicability of Lensky's hypothesis were assessed via an out-of-phase
experiment using 316 stainless steel with a square strain path, they pointed out thl: invalidity
of the hypothesis under the strain path just mentioned. Figure 7 shows the behavior of the
delay angle () for strain paths specilil:d in Figs 2 and 3 with strain ranges df:I/2 = 0.3%.
t11:\i2 = 0.6°1<,. and t11:,/2 = 0,42%. t11:,i2 = 0.S4'Yo, respectively. According to Fig. 7a. the
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Fig. 7. R.:btions h.:lw.:.:n d.:by angk II and kngth or strain paths.

delay angle () is exclusively dependent on the arc length of the post-veering portion of the
strain path. while the pre-veering portion is totally uninvolved. Figun.: Xa shows the v~lriation

of delay angle IJ with the arc length of the strain path measured from corner points A and
B. It happens that they are almost located on an identical curve. Hence. Lensky's hypothesis
of local determinability is approximately valid for rectangular strain paths. However. for
rhombic strain paths. as shown in Fig. 7b. significant difference are indicated for U -tJ.S
relations based on acute and obtuse veering angles. where tJ.S is the arc length of the post­
veering strain path. Specilically. steep variations of 0 versus tJ.S do occur for cases of obtusc
veering angles. In f~lct. different valucs of 0 can be extrapolatcd for difl"erent veering angle
cascs from the same tJ.S (Fig. Xb). implying the invalidity of Lensky's hypothesis.

Figurc 9 shows the variation of delay angle () with smooth deformation histories under
circular and elliptical strain paths. It turns out that () is almost constant along circular
paths. while for elliptical paths. the !latter the ellipse. the sharper the variation of O.
Apparently. Lensky's hypothesis does not hold even on smooth strain paths. Finally. Fig.
10 demonstrates the gradually varying Os from obtuse to acute angles after thc loading path
abruptly changes its direction. The above-mentioned observations naturally lead to the
conclusion that Lcnsky"s hypothesis. in general. is not valid.
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PREDICTIONS BY ENDOCIIRONIC CONSTITUTIVE TIIEORY

In recent years, endochronic constitutive theory has received wide-spread attention.
Formulated on the basis of the irreversible thermodynamics of internal variables, the theory
docs not have to rely upon the yield surface concept. and the material memory is detined
in terms of an intrinsic time scale. a material property at hand. Murakami and Read (19X7)
investigated on the plastic now properties conceived in this constitutive model. As indicated
in their numerical analysis. the plastic now rule incorporated in this model is substantially
ditrerent from that of conventional plasticity theory. It seems that till.: endochronic consti­
tutive theory is favorably advantageous in providing a straightforward description of
materialmultiaxial constitutive behavior since the model parameters involved arc available
via uniaxial experiments (Valanis. 19X3).

In deviatorie vector space. the basic equation of endochronie theory is

when:

a = f= p(=-='Hdc"/d=') d='

"

90

(7)

o

liE,/N.,= I

o o
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Fig. 9. Variations of dcl,ty angle II with length of circular and elliptical strain paths.



410 l'iISG liE and CHES Xl

:~; cT],..,
'.1.
4.'2

5 .•7

3.2]

2.'.
N- 1.9.
I

E 1.29
E

0."
~ 0

5 -0.6'I-
-1.29

-1.'4

-2.'.
- S 2S

- 3.&7

-.'2

-50.16

-&.8t
_ 1;..4 S L-..-'-_.l.---l._.............I-...L.._I.---L._-'----' cT,

-I;.., ".16 -387 -Z." -1.Z9 0 1.29 2'. 387 5'. .4'
(Nmm- 2 , E02

Fig. 10. Vari'llion, of sirain veclor along ,Ire,s path.

d: = d~/f(~) (X)

(9)

(11:'; and l\i;J, being cOlllponents of plastic strain increments. As long <IS TB45 1-63 axle steel
is a cydic stabilized nl;lterial with a lilled range of strain (Fig. 51. one may assume that

f(~) = I. ( 10)

In the case where the strain history is prescribed. according to Murakami and Read
( 19X7), (\IlC has

:(Q I (R + E)F + [Q1/(!~+ E)f - I: dZ l +2[di:IQI E/( R+ E)! + 3 llJ:,Q\G!( R+ 3G) 'J dZ

+[d/;,E/(R+EW+[3dl:,G;'(R+3G)]' =0 (II)

d6 = RdeP-QdZ

1

Q = Q,", +QJ"\ = L 'X,(Q"n, +Q'.1 n ,) = L ':1,Q,
;" I C' ,

.1

R = L: R,,-I

( 12)

(13 )

(14)

( 15)

( 16)

(i7)

G and E being the material shear modulus and Young's modulus. respectively. The model
parameters ':1, and R, are available from material torsional cyclic experiments as
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(21.2> 2,) = (1.54.0.28,0.046) X 104

(R I • R:. R,) = (13.65. 3.57, 0.395) X 10~ GPa

£ = 200 GPa, G = 80 GPa.
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In Figs 6--7. solid curves n:present the theoretical predictions of endochronic consti­
tutive theory. As demonstrated in Fig. 6a. for rectangular strain paths (Fig. 2) the endo­
chronic constitulive theory is inadequate to provide a satisfactory description of material
hardening behavior. except for Ihe material responses in the vicinity of the corner points
of the path. NOling that in the vicinity of the corner points material exhibits elastic
unloading. it is apparent that the coincidence between the theoretical prediction and exper­
imental resulls makes no sense in such a vicinity. In Fig. 6b. the endochronic constitutive
theory is not favored for acute veering. albeit for obtuse cases. This is attributable to the
fact that a sutliciently extended portion of the post-veering strain path is characterized by
Ihe material responses featuring Ihe elastic range for obluse cases.

Figure 7b supports Ihe adequacy of the endochronic constitutive theory for describing
the plastic flow properties of the material in rectangular strain path situations. For the
delay angle II. predictions of Ihe endochronic theory in Fig. 7b contradict those in Fig. 6b.
It is apparent from Ihe observalions in Fig. 7 Ihat the plastic Row rule incorporated in the
endochronic Iheory is consislent wilh experimental results only in cases where the material
has experienced a sulllcienlly extended process of plaslic deformation.

The prediclions of Ihe endochronic Iheory shown in Figs 6 and 7 prove that this theory
cannot accurately describe Ihe hardening behavior and plastic flow properties of the material
under non proportional cyclic loading. This is attributahle to the fact that the intrinsic time
scale defined in current endochronic constitutive theory is inadequate. It cannot reflect the
drects of hardening mechanisms and plastic flow properties of malerials under non­
proportional cyclic loading. By propcrly delining the inlrinsic time scale of the endochronic
constitutive tl1\;ory. we can improve its predictions for Ihe constitutive behavior of materials
under nonproponional cyclic loading (Ning. ItJXtJ).

CONCLUDING REMARKS

The experimental investigation of the nonproportional cyclic plasticity of TB451-63
axle steel has resulted in several new observations of material behavior. Certain definite
rt.:marks can bt.: made on the basis of this investigation. although the experimental study in
this area is hy no means complete.

( I) The existence of substantial difrerences in the plastic flow properties of TB451-63
axle steel under non proportional cyclic loading from those of the same material under
uniaxial and multiaxial proportional cyclic loading is confirmed. the nonproportional cases
being closely related to the shape of the deformation path.

(2) The plastic flow properties are significantly influenced by abrupt changes in the
direction of deformation path. It is therefore necessary to have this important factor
included in the constitutive model for the description of the constitutive behavior of
materials under non proportional cyclic loading situations.

(3) In nonproportional cyclic deformation situations. materials feature remarkable
hardening behavior. Uniaxial experimental data arc incapable of elucidating the basic
properties of materi;l1s under non proportional cyclic loading.

(4) lensky's hypothesis of local determinability is valid only for some specific defor­
mation paths. but generally this hypothesis does not hold. Not only do the plastic flow
properties depend on the current state of the material. but they also depend on its defor­
mation history.

(5) Endochronic constitutive theory is incapable of accurately describing the consti­
tutive behavior of materials under nonproportional cyclic loading, although it does provide
good predictions for the plastic behavior corresponding to some specific deformation paths.
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It is therefore. in general. necessary to have the endochronic constitutive theory modified
to describe the constitutive behavior of materials under non proportional cyclic loading.
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